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F I E L D  IN H E A T - C A R R I E R  F L O W  W I T H  A X I A L  H E A T  

C O N D U C T I O N  A N D  I N T E R N A L  S O U R C E S  
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The application is considered of the variational process  to solve the ax isymmetr ica l  problem 
of convective heat exchange in which axial heat conduction and internal sources have been taken 
into account in laminar  regime.  

The hea t - t rans fe r  condition for a stat ionary cylindrical ax isymmetr ica l  flow (Fig. 1) is given by 

~o AT + qo - -  cpy-W V T = 0. (1) 

To be specific, the following boundary conditions are  assumed:  

X ~ r " 

T (x, R) = To + (Tt - -  To) - ~ ,  T (0, r) = T ,  (0, r) = 0. (2) 

The internal sources have the following distribution law: 

qo = qoW= (x) w ,  (r). (3) 

Since one only considers the laminar  regime one has 

T~.=O, V r = T ' . i  -, W = WxT. (4) 

It is assumed that the velocity distribution ac ros s  the flow section follows the Hagen-Poiseu i l l e  law 

By introducing the notation 
T ~ To r x 

t =  TL--T0 ' p = - - i f - '  * . . . . . .  R '  (6) 

q~ k = .R~ (7) 
~o (T t - -  To) l ~ 

one obtains the original heat problem t ransformed into 

L ~- At + q~0w, - -  2 Pe (1 - -  p 2) t', = 0, (8) 

t(% 1) = k , ' ,  t(O, P) = t~(O, p) = O. (9) 

One now introduces a system u i of coordinate functions and attempts to find an approximate solution 
by using the Kantorovich variational p rocess  within the class of functions which satisfy the boundary condi- 
tions (9), namely 

T= kp~,~ + ~ u~ @ s~ (% (lO) 
i 

The introduction of the term k02r 2 enables one to determine the minimizing functions s i for zero 
boundary conditions. 

If in Eq. (8) ~ is inserted one obtains 
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F ig .  2. Graph  of a x i a l  d i s -  
t r i bu t ion  of t e m p e r a t u r e  in 

F ig .  1. Computa t ion  d i a g r a m  of  c y l i n d r i c a l  the flow: 1) p =0; 2) 0.5; 
f low. 3) 1.0. 

" (put) s~ - -  2 Pe (1 - -  p~) u~s~ + qwow , + 4k~; 2 + 2kp 2 -  4Pe (1 - -  p2)kp~p = 0. (11) 
i P 

A s i m p l e  p r o b l e m  is now so lved :  

(pu')' + qpw~wp = 0, (12) 

u' ( 0 ) =  0, u(1) = 0. (13) 

In view of the b o u n d a r y  cond i t ions  (13) the so lu t ion  can be w r i t t e n  a s  

u = q w , [ ~ ( 1 ) - - r  r  -~ -  wopd O. (14) 

I t  is  not  d i f f i cu l t  to s ee  that  if one inc ludes  qwr in s t and c o n s t r u c t s  ui in the f o r m  

ui = uS, (15) 

then the cond i t ions  (13) a r e  s a t i s f i e d  for  any  i; the s y s t e m  (15) is comple t e  in the r e g i o n  0 -< p -< 1 and it 
can thus be c o n s i d e r e d  as  a c o o r d i n a t e  s y s t e m .  

E a u a t i o n  (8) is n o n s e l f - a d j o i a t ;  t h e r e f o r e ,  t h e r e  is no e n e r g y  func t iona l  c o r r e s p o n d i n g  e x a c t l y  to it. 
H o w e v e r ,  a func t iona l  can be found which  s a t i s f i e s  (8) a p p r o x i m a t e l y .  F o r  z e r o  b o u n d a r y  cond i t ions  the 
E u l e r  equa t ions  fo r  the m i n i m i z i n g  func t ions  can be w r i t t e n  as  

1 

j' L -2p p = 0. (16) 

Nondimens[onal coefficients are now introduced: 

I ! 

aih = i tQukodp' Ch = S rvpukpdp' 
0 0 

l 
l~k = j ' , 2 P e  (1 - -  9 2) uiunpd 9, 

0 

1 

h~ = f 4Pe (1 - -  p~) kp~uhdp, 
0 

Then by i n t e g r a t i n g  (16) with r e s p e c t  to O one ob t a in s  

~ VhiSi = q)h, 
i 

w h e r e  Vkt = ak id2 /d r  2 -  l k i d / d e  - b k i  is a d i f f e r e n t i a l  o p e r a t o r ;  
funct ion .  

i 

0 

1 

d~ = I 2kp3ua dp' 
b' 

1 
f~ = ,! uakpdp" 

0 

(17)  

(18) 

(Pk (r = hkr - d k - q C k w r 1 6 2  2 is  a known 

To g ive  an e x a m p l e  of the i m p l e m e n t a t i o n  of the d e s c r i b e d  v a r i a t i o n a l  p r o c e s s ,  the t e m p e r a t u r e  f i e ld  
was  d e t e r m i n e d  in a flow of l i q u i d - m e t a l  h e a t  e x c h a n g e r  (Fig.  2). 
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N O T A T I O N  

is the tempera ture ;  
a re  the axial and radial  coordinates;  
is the the rmal  conductivity; 
is the specific heat flux; 
is the specif ic  weight; 
is the velocity; 
is the power of internal sources;  
is the P~clet number; 
a re  the axial and radial  dimensionless  coordinates; 
is the dimensionless  function of tempera ture ;  
is the minimizing function; 
is the coordinate function; 
are  the differential  opera tors .  

S u b s c r i p t s  

0 initial; 
l final; 
x and ~ axial; 
r and p radial;  
i current .  
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